19 



Linear Transformations and Functions of Positive Type. 

By J. Mercer, M.A., D.Sc, Fellow and Lecturer of Christ's 

College, Cambridge. 

(Communicated by Prof. E. W. Hobson, F.R.S. Eeceived December 10, 1920.) 

In a communication received by the Society on April 12 last* I gave in 
outline a proof that a symm^trisable function k (s, t) y which belongs to one of 
certain classes, admits an expansion in terms of its bi-orthogonal fundamental 
functions. Two classes were explicitly mentioned, viz., (i) the functions 
defined by k (s, t) == a (s) y (s, t), and (ii) those defined by 

rb 
k (s, t) = ol (s, x) y (x, t) dx. 

J a 

It was assumed in each case that y (s, t) was of positive type in the square 
&<$<&, a^t^b; in the first case, that a (s) was a function defined in the 
interval (a, b) ; and, in the second case, that a (s, t) was a symmetric function 
defined in the square a-ss^b, a^t^b. When k (s, t) belongs to either of the 
classes mentioned and certain conditions of continuityf are satisfied it was 
shown that 

where (i) 

^i(s), Tfa(s) 9 ..., ^«(s), ... 

is a bi-orthogonal system of fundamental functions for the interval (a, 6), and 
<f>n (s), ^n (0 satisfy the homogeneous equations 



<f>n (s) = X n 



rb -\ 



* (s, t) <f> n (t) dt, 



a 
b 



t (2) 



^n (0 := \i yfr n (s) K (s, t) ds ; 



a 



(ii) the functions ^(5) (n = 1, 2, ...) constitute an orthogonal system of 
functions for the interval (a, 6); and (iii) each of the pairs of functions 
{<f>m (s), Vn (s)} f {^m(s),^jr n (s)}, {%m(s)> Vn(s)} is orthogonal for the interval 
(a, 5), whatever be the values of m and n. The symbols y n (?i = 1, 2, ...) 
denote certain positive constants which, by suitable modification of the 
functions % n (s), may all be taken equal to unity. 

* See 'Proceedings/ A, vol. 97, pp. 401-413. 

t For y (s, t) the condition was that the function should be continuous with respect 
to s for each fixed value of t in (a, b). 
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It will be evident that a function which belongs to either of the above- 
mentioned classes is obtained from 7 (s, t) by a particular kind of linear 
transformation, the transformation being with respect to the variable s. Again, 
a symmetrisable function such as a ($) <y (s, t) ft (t) is obtained by subjecting 
7 (s, t) to two linear transformations, namely, one with respect to each variable. 
We are thus led to consider a general class of functions, each of which is 
obtained by subjecting a function of positive type to linear transformations ; 
and to enquire under what circumstances a function of this class admits 
expansion in the form (1). The present communication has its origin in an 
attempt to answer the enquiry just stated. 

In the first section a summary of the theory of linear transformations due 
to F. Kiesz* is given, and further developments required for the purpose in 
view are given. At the commencement of the second section functions of 
positive type are defined, which are more general than those hitherto con- 
sidered. The theory of quadratic forms with an infinite number of variables 
is then applied to show that, when k (s, t) is obtained by subjecting one of 
the functions of positive type to a symmetric couple of linear transforma- 
tions, (1) is valid almost everywhere/f* provided further series involving null 
functions are added on the right. In general, the equations (2) are not 
satisfied at all points of (a, b\ but they are always satisfied almost everywhere. 
It is further shown that, when the function of positive type has the continuity 
property assumed in the previous communication, and the transformations 
are of a restricted character, the expansion of te(s,t) is valid everywhere in 
the square a^s^b, a^t^b. Finally, it appears that, when the transforma- 
tion with respect to t is still further restricted, the expansion of k (s, t) is of 

the form (1). 

Linear Functional Transformations. 

§ 1. Previous to giving the proof of the expansion theorems, it will be 
convenient to summarise briefly certain definitions and results which belong 
to the theory of linear functional transformations. 

Let F denote the class of real functions which have their squares summable 
in the interval (a, b). It is to be observed that this hypothesis does not imply 
that a function of F has necessarily a single finite value at each point of 
(a, b). A function of F may be undefined, or multiple valued, at points of 
the interval which form a set of zero measure ; further, the function may be 
regarded as having the values +00 or — 00 at points of a similar set.| In 

* * Untersuclmngen iiber Systeme integrierbarer Funktionen Math. Annalen,' vol. 69, 
pp. 449-497. See particularly § 12. The case p = 2 only is considered here. 

f This statement is correct, but it will be found that the result obtained is of a 
slightly more general character. 

J Cf. Riesz, loc. cit, p. 454. 
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what follows a function will be said to be well-defined in (&, b) if it has a 
single finite value at each point of the interval. 

Let ftbe a transformation which converts each member of F into a member 
of the same class, this member being unique save possibly for an additive 
null function. If we denote the independent variable by s, and a member 
of F by/(s), a function which results when the transformation ft is applied 
to/(s) is denoted by ft [/(«)], or by to s [/(«)], when it is necessary to indicate 
the variable with respect to which the transformation is carried out. 

A transformation ft is said to be distributive if, for any two functions 
A(s),f2(s), which belong to F, and for any two constants, c\ 9 c 2 , we have 

nWi 00 + c 2 / 2 (s)] = c,a [A («)] + c 2 n \j 2 (*)], (3) 

almost everywhere in (a, b). The transformation is said to be bounded if, for 
any function, /(s), which belongs to F, 

_a J a 

where M is independent of f(s). The lower bound of the values of M, for 
which the inequality just written is true, may be called the bound of the 
transformation. A transformation which is both distributive and bounded is 
said to be linear* 

As examples of linear transformations we have 

(i) I2[/<*)] = «(*)/(«), 
where a (s) is bounded and summable in (a, b), and 

(ii) ft [/(«)] = I a (s, x)f(x) dx, 



a 



where a(s, t) is a function which has its square summable in the region 
a^s^b, a^t^b. It will be observed that, in each of the examples cited, the 
function ft [/($)] niay not be defined at points of a set of zero measure. 
The function, however, belongs to F, as was explained above. 

§ 2. A transformation, ft, which is related to ft in such a way that 

"a LA (*)] • /2 00 ds = fVi 00 . a [ A (s)]ds, 



a 



a 



for any two functions, f x (s), f 2 (s), which belong to F, is said to be ad-joint 
to ft. It can be shown that any linear transformation has an adjoint, and 
that the latter is unique, save for an arbitrary null function.f A transforma- 
tion, ft, which is adjoint to itself, is said to be self-adjoint or symmetric^ 

* Riesz, loc. cit., p. 477. 
t Riesz, loc. cit., p. 478. 

X Riesz, loc. cit., p. 484. In the examples cited above (i) is always symmetric, (ii) is 
symmetric when a (s, t) is a symmetric function. 
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In what follows, we shall be concerned with pairs, XI, XV, of transforma- 
tions, which are such that 



r 

J a 



Wi 00] xi' [/,(«)]*= f« [/«(«)] .a'[fi(s)]ds, 



a 



for every pair of functions, f\ (s),f 2 (s), which belong to F. Two transforma- 
tions related in this manner will be referred to as a symmetric-couple. 

It will be observed that, if E is the unit transformation* and X2 is symmetric, 
then E and X2 constitute a symmetric couple. More generally, any two 
symmetric transformations which are permutable form a symmetric couple : 
an important instance of this is the couple defined by XI [/(«)] = a(s)f(s); 
X^'[/(s)] = /3(s)/(s).t Other examples are easily constructed. 

§3. Let f n (s) (n = 1, 2, ...) be a sequence of functions of class F. If a 
function /(s) of class F can be found such that 

Uml b {f(s)-Ms)yds = 0, 

n-* oo J a 

the sequence is said to converge strongly to/(s).J The function, /(s), when it 
exists, is unique, save for an additive null function. 

It is easy to prove that, if f n (s) (n = 1, 2, ...), g n (s) (n = 1, 2, ...) are 
sequences which converge strongly to / (s), g (s) respectively, then 



Lim 



rb 



fn (s) g n (s) ds=z\f(s)g (s) ds. 



n -* oo J a 



a 



From the bounded property, it follows that, if XI is any linear transforma- 
tion, the strong convergence of a sequence, f n (s) (n = 1, 2, ...) to f(s) 3 implies 
the strong convergence of X2[/ W (s)](w = 1, 2, ...) to X2[/(s)].§ The two 
results stated allow it to be proved that, when XI and XV are any two linear 
transformations a,ndf n (s)(n = 1, 2, ...) converges strongly to/(s), 



Lim 

n -*■ oo fc 



*fl [/„(«)] . Of [f»(s)]ds= Pft[/( S )] . il'[f(s)]ds. 



a 



a 



§ 4. Let/„(s) (n == 1, 2, ...) be a countable set of functions of class F such 
that the series 



' b {fl(s)} 2 ds+ [ 6 {/2(*)} 3 &+...+ \ b {fn(s)yds+... y 

« J a J a 



(4) 



* This transformation is defined by E [/*(«)] = f(s). 

+ For conditions of summabilitv, see 8 1. 

J Biesz, loc. cit., p. 464 ; also named ' convergence en moyenn6 J by E. Fischer. 

§ Biesz, loc. cit., p. 464. 
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is convergent. It follows from a known theorem* that the series 

{Ms)y+{Ms)Y+... + {f n {s)Y+, (5) 

converges almost everywhere in (a, b) ; that F (s), the sum-function of (5), 
is summable in (a, b) ; and that F (s) ds is the sum of the series (4). 

Ja 

Let (x h x 2 , x n , ...) or briefly (x), be the co-ordinates of a real point in 

Hilbertian space, and consider 

/[(%), s] = x 1 f 1 (s) + x 2 f 2 (s)+...+x n f n (s)+.... (6) 

For any value of s in (a, b) such that F(s),fi(s),f 2 (s), ...,/w(s), ... have all 
finite values, the right-hand member of (6) is a linear form in Hilbert's 
sense, (x) being regarded as variable. It follows from what has been said 
that the member is a linear form for almost all values of s in (a, b). Again, 
Ave have 

n = 1 

almost everywhere in (a, 6); hence it is clear that, if (x) is fixed, f((x), s) 

belongs to the class F. In view of the two properties stated, we shall 

refer to 

%ifi (s) + x 2 f 2 (s) + ...+x n f n (s)+..., (7) 

as a linear function associated with the class F, whenever the series (4) is 
convergent. 

We shall say that the linear function (7) associated with the class F is well- 
defined if (i) the functions f n (s) are all well-defined and (ii) the series (5) 
converges at all points of (a, b), A well-defined linear function is clearly a 
linear form in Hilbert's sense for each value of s in (a, b). 

§ 5. In virtue of the bounded property of a linear transformation we see 
that, for any transformation 12, 

VL/iOO]} 2 ds+\ b {a[f 2 (s)]}*ds+ ...+ [\n[f n (s)]}* ds*M 2 [ b F (s)ds, 

'• Ja Ja )a 

where M is the bound of the transformation. From this follows the important 
result that, if (7) is any linear function associated with F, and XI is any linear 
transformation, then 

^ft[/i(*)]+^n[/ 2 -(*)]+...+^a [/»(*)]+:.., (8) 

is a linear function associated with F. 

* A simple proof has been given by Hobson, ' Proc. Lond. Math. Soc.,' Series 2, vol. 8, 
pp. 27-29. It is easily seen to be unessential to the proof that the functions s n (%) 
should be bounded ; further, the validity of the theorem is not affected by the hypo- 
thesis that each function s n (x) is either undefined, multiple valued, or infinite at points 
of a set of measure zero. 
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Let us denote the sum of the first n terms on the right of (6) by /„((#?), s). 
Since 



\ {f((x),s)-M(x),s)¥ds^ 2 av*.fF(s)<fe, 

it is clear that, when (x) is fixed and n tends to oo , /„ ((x)s) converges 
strongly to /((%), s). Hence, as n tends to go, 12 [/„ ((x), s)] converges 
strongly to 12 [/((#), s)]. But, since (8) is a linear function associated with 
F, 12 [/„ ((x), s)] converges strongly to 2 x n 12 [/»($)]. JFe £Aws see ,£/w&£ 

?l = 1 

almost everywhere in {a, b) at each pfliwtf (a?) of Hilbertian space. Further it 
will be seen that 



X\ 



b rb rb 

£l[fi(s)]ds+x 2 \ £l[f2(s)]ds+...+Xn\ [l[f n (s)]ds+..., 

a J a J a 



r 6 

is a linear form equal to il [/((#), s)] ds. 



a 



In passing, we observe that, since f n ((%), s) converges strongly to /((a?), s) 
it follows from the remark at the end of § 3 that 

rb . rb 

Lim 12 [f n ((#), s)] . Q' [/«((#), s)] <fo = 12 [/((»), «)] . 12' [/((#)> *)] <&, 

n -* oo J a J a 

where II and 12' are any two linear transformations. 

§ 6. We shall say that a linear transformation is well defined if, for each 
well-defined function /(s) of F, the function 12 [/($)] is well defined. 

Let us suppose that 12 is well-defined, and that the equation (3) holds 
exactly at all points of (a, b). Then, if f x ($), f 2 (s), ...f n (s) are well-defined 
functions in (a, b) and x 1} x 2 , ... x n are the co-ordinates of a variable point in 
n dimensional space, we have 

£2 [atifi (s)+x 2 f 2 (s) + . . . +0& n fn 00] 

= #ift [/x (s)] + ^12 [/ a ($)] + . . . -j-^12 [fn (s)l 

for aK values of s in the interval (a } 6). This property may be described in 
the statement that 12 is precisely distributive in n dimensional space. 

We shall say that a well-defined transformation 12 is precisely distributive 

in Hilbertian space if, corresponding to any well-defined linear function 

2 x n f n (s), the linear function 2 # w O [/» ($)] is well defined and equal to 

n—l '" n~l 

12 [/((#), s)], for all points (#) of Hilbertian space and for all values of s in 
(a, b). It will be seen that, if 12 is precisely distributive in Hilbertian space, 
and if f n (s) (^ = 1, 2, ...) are well-defined functions such that % {fn(s)} 2 is 
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convergent at all points of (a, b), then the series £ {^L/m(s)]} 2 is convergent at 

all points of (a, b). 

Let (a', V) be an interval which is part of, or coincident with, (a, b) : and 
let each end point of {a' , V) be regarded as belonging to the interval or not, 
as may be convenient. Let 11 be a linear transformation which is precisely 
distributive in Hilbertian space. We shall say that fl is perfect in (a', V) if, 
corresponding to each function f(s) which is continuous in (a', V), the function 
XI [/(s)] is continuous in (a' f V). 

As an example of the transformations defined, let us consider 

n[f(s)] = a(s).f(s). 

It is easily seen that, if a(s) is well-defined, bounded, and summable in 
{a, 6), £1 is precisely distributive in Hilbertian space. Further, if a (s) is 
continuous in an interval (a', V), O is perfect in this interval. As a second 
example we may take 

Ja 

This transformation is precisely distributive in Hilbertian space, if 

rb 

{a(s, t)} 2 is summable in a^s^b, a^t^b and {u (s, t)} 2 dt exists as a finite 



a 



number for each value of s in (a, b).* If we further suppose that a (s, t) is a 
continuous function in the rectangle a! < s < &', a^t^b, the transformation is 
perfect in the closed interval (a\ V). A wider condition than that just stated 
may, of course, be given. 

The Expansion Theorem. 

§ 7. The definition of a function of positive type which was given in the 
previous communication had reference only to bounded functions.*)* This 
definition must here be extended. 

Let 7*(s, t) be a symmetric function such that {7 (s, t)} 2 is summable in 
the square a^s^b, azztzzb. Then, if f(s) is any function which belongs to 



F. the integral 

-b rb 



a 



[y(s,t)f(s)f(t)dsdt 

j a 



always exists. We shall say that 7 ($, t) is of positive type in the square if the 
value of the integral is positive or zero for each function f(s) of the class F. 

* It may be remarked that this transformation has the property that, corresponding 
to any (well denned or not) linear function 2 x n f n (s) associated with the class F, the 

n = 1 

linear function 2 # n Q [/»»(*)] h equal to &[/((#), s )]- 

n — 1 

t Loc. cit., p. 406. 
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When the integral is positive for each function •/($) which is not a null 
function, we say that 7 (s, t) is definite. 

Let 61 (s), #a(s), ..., n {s), ... be a countable set of functions which belong 
to F ; and let the series 

r \0 1 (s)} 2 ds+ \\0 2 (s)} 2 d$+ ... + [ b {e n (s)} 2 ds+ ,.., (9) 



a 



a Ja 



be convergent. In view of what was said in § 4 and of the inequality 

"} 2 r r ~] 2 r r "I 2 

S \0n(s)0n(t)\ Y *2 I 0n(?) V . 2 1 6 n (t) \ , 

.n — 1 J n = 1 L J n = 1 L J 

it will be clear that the series 2 8 n (s) 8 n (t) is absolutely convergent in the 

square <x == s < &, a^t^h, save possibly at such points as belong to a plane set 
which has for its projection on either axis a set of measure zero. We may 
express this more briefly in the statement that the series is absolutely 
convergent almost everywhere with respect to s, and almost everyivhere with respect 
to t. This abbreviated form of statement will be employed under similar 
circumstances throughout the pages which follow. 

From the same inequality and the fact that (9) is convergent, it follows 
easily that 

y (s,t) = Oi(s)e 1 (t)+e 2 (s)e 2 (t)+... + n (s)d n (t)+..., 

has its square summable in ass^o, a^_t<~b. Further, if f{s) is any function 
of F, it would be found that 

'" C \ (*, t)f{s)f{t) dsdt= % { ['On (S)f(8) ds\\ 

and hence that 7 (s, t) is of positive type in the square. 
We observe that, from the hypotheses stated 

/((%), s) = 2 x n 6 n (s) 

n = 1 

is a linear function associated with the class F, (x) being any real point of 
Hilbertian space. 

§ 8. Now let O, iT be two linear transformations which form a symmetric 
couple. It follows from the property of /((#), s)' stated at the end of the 
preceding paragraph that the integral 

'"a. [/((.*), *)] • a.' [/((*), («)] ds, (io) 

exists at each point (x). Further, if f r ((#), s) is employed to denote 

r 

2 x n 6 n (s), we have 

r r 

^[fr((%)> s)] . Q' [f r ((x),s)]ds= X 2 a mn x m x ni (11) 



a m - 1 w = 1 



where 



ttmn — 
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fl [#» 00 ] * fl/ [^n 00 ] ^ S and «»«» = <W 



because XI and XI' form a symmetric couple. Thus, recalling that the left- 
hand member of (11) tends to (10) as r tends to infinity,* we see that 
2 a mn x m x n is a limited quadratic form,f which at each point (x) is represented 



m, n 



by (10). 

The form 2 a m n%m%n may be shown to be both limited and completely 



m, n 

continuous. For we have 



= {£fl[M*)] • &[0n(s)]cU 



rt> 



{tt[6 m (s)]}*ds. {&' [6 n (s)]} a ds, 



a 



'b 



whence, using the bounded property of a linear transformation, we have 

a mr ?^Wli' 2 [ b {6 m (s)} 2 ds . [* {0 n (8)} 2 ds, 

J a J a 

where the numbers M, M' are independent of m and n. Since the series 

t [\e n {s)Yds y 

n = 1 J a 

is convergent by hypothesis, the double series 2 ctmn 2 is convergent. The 

convergence of the latter series is known to ensure that the quadratic form 
2 a m7t x m x n is limited and completely continuous. 



m, n 



§ 9. The form 2 a mn x m x n being limited and completely continuous, it follows 

m, n 

that there exists an orthogonal substitution, 
such that 

where jfei, &2, . . , & w are constants, some of which may be zero. It will be 
recalled that the coefficients Z of the substitution satisfy the relations 

v / / _ < / ; _ f 1 form = w, 
r=i r=i L0 tor m ^ % 

and that the co-ordinates of the point (x) are expressible in terms of those of 
the point (a? 7 ) by the equations 

* -Fwfe§5. 

+ (7/. Hellinger and Toeplitz, ' Math. Annalen, 5 vol. 69, pp. 326-*7. 
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Employing the equations just written, and recalling that 2 {&n(s)} 2 con- 

verges almost everywhere in (a, b), it will be found that, for almost all values 

of s in (a, b), 

f((x),s)= 2 x n f x n {s) i (14) 

n = l 

where X n (s) = 2 l nm 0m (s)> It is easily seen that % n (s) is a function which 

m—l 

belongs to F, and that the series 

J a j a j a 

is convergent.* We conclude that 

g{(x')s). = ^i / %i(s) + ^2 / %2(s)+...+^n / % w (5)+..., 

is a linear function associated with the class F, (#') being a variable point of 
Hilbertian space. 

Eecalling that the left-hand member of (12) is (10), we see from (14) that, 
at each point (x') f . 

l a[g((x'), s)] . O' [g((x') } s)]ds = 2 ,W 2 . (15) 

The left-hand member of this equation can be shown, by an argument similar 
to that employed in § 8, to represent the quadratic form 2 b mn x m f x n ' , where 



•6 

b mn = I ^[%w(^)] . O' [%»(s)] &, and we have b mn = b nm in virtue of the 



a 



hypothesis that O and XV form a symmetric couple. Comparing the 
coefficients of like terms on the two sides of (15) we find that 

*fl fc» («)].<!' [*.(*)]*= J k ™f ovn = m > (16) 

.a [_ tor ?i =^ m. 

§ 10. We have seen that the convergence of (9) ensures that 2 {0 n {s)} 2 is 

convergent almost everywhere. Let us now suppose that (s, t) is a point in 
the square a^s^b, a^t^b such that the series 2 {8n(s)} 2 , 2 {0 n (t)} 2 both 

» = 1 M = l 

converge.f Then the series 2 6 n (s) 6 n (t) is absolutely convergent and, making 
* The sum is equal to that of the series S {B n (s)} 2 ds. 

n — 1 J a 

f One, or more, of the functions n (s), 8 n (t\ (n = 1, 2, ...) may be multiple valued 
at the point under consideration. When this is the case, it must be understood that 
a function denned in terms of the 0's {e.g., y(s,t) or one of the functions u n (s\ u n (t) 
below) is supposed to have the value corresponding to a particular set of determinations 
Q n (s), 9 n (t), {n = 1, 2, ...) at the point. In the pages which follow, when any statement 
involving several such functions is made, it is understood that each function has the 
value corresponding to the same set of determinations. 
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use of (13), it will be found that 

7 (s, = £ 6 n (S) . n it) = t %n (*) • J&» (*)> (17) 

?i = 1 n = 1 

where .%*($), %w(0 have finite values for all values of ^. 

The functions % (s) may be divided into two classes according as the 
corresponding number k is not, or is, zero. Let u\(s), U2(s), ..., u n (s), ... be 
the functions % (s)/ \k\% for which the corresponding k is not zero ; and let 
Ui(s), U2 (s), ..., TJ n (s) ... be the functions %(s) for which' the corresponding 
k is zero. Further, let \x n be the reciprocal of the modulus of that k which 
corresponds to u n (s) ; and let S n be +1 or — 1 according as the k referred to 
is positive or negative. Then from (16) and (17) it will be seen that we have 
the following theorem : — 

Let 0i (s), 02 (s), .-., 0n(s), ••• l' e a countable set of functions, each of which has 
its square siommable in (a, b) ; let the series 

*{0i(*)} 3 d8+\ b {0 2 (8)}* ds+ ... + { b {e H (8)}*ds+ ..., (8) 

J a J a J a 

be convergent ; and let 7 (s, t) be the function of positive type which is defined 
in the square a^s^b, a^t^-b by 

7(^,0= 2 n (s).0 n {t). 

Further, let 12, O' be a symmetric couple of linear transformations for the 
interval {a, b). Then, at any point (s, t) of the square such that y (s, s) and 7 (t, t) 
are finite* we have 

7(S; t )= % u »(*)Mt) + % Un(s) _ Um(0; (18) 



n 



f^n n = 1 



where the functions u n (s), U„(s) (n = 1, 2, ...) have summable squares in {a, b), 
the numbers jx n (n = 1, 2, ...) are positive, and each of the series on the right is 
absolutely convergent. Further, the functions u (s), U (s) are such that (i) 

n [ Um (s) ] . a' [u n (s) ]ds=f Bm f or n ■ = m > 

a L_ lor n ■=£. m, 

where B m is either + 1 or — 1, and (ii) each of the pairs of functions {XI [u m (s)], 
0'[U w (s)]}, {n[V m (s)] } n'[u n (s)]}, {0[U„(s)], iy[U M (s)]} is orthogonal 
for the interval (a, b), whatever be the values of m and n. 

In the theorem, we may suppose XV = X2. Then O [TJ OT (s)] is orthogonal 
to itself, and is therefore a null function for the interval (a, b) ; further, it 
will be seen that S m is always +1, since (10) is, in this case, a positive 
quadratic form. We have thus the following corollary : — 

* Vide footnote, § 10. 
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Let £1 be any linear transformation, and let 7 ($, t) satisfy the hypotheses of 
the above theorem. Then, under the same conditions as to y(s, s) and y(t, t), 
we have (18) where £l[u n (s)](n = 1, 2, ...) is an orthogonal system of functions 
for the interval (a, b), and the functions 0[U w (s)](?i = 1, 2, ...) are null 
functions. 

By taking £1 = E, where E is the unit transformation, and substituting 
u n (s) = ^ n (s), JJ n (s) = o) n (s), fi n = \ m we obtain the expansion 

7 (S, t)= % * n (S \ & @ + % a> n (a) <o n (t). (19) 

n — 1 f^n n = 1 

The functions yjr n (s) {n = 1, 2, ...) form an orthogonal system of functions for 
the interval {a, b), and co n (s)(n = 1, 2, ...) are null functions. It should be 
recalled that <y(s, t) is not necessarily bounded, and that (19) is valid when 
7 (s, s) and 7 (t } t) are finite. There will be no difficulty in proving that 

rb 

yfr n (s) = \ n 7 (s, t) yjr n (t) dt, 



*> 



a 



for any value of s such that 7 (s, s) is finite. Finally, in view of what is said 
in §§ 14, 15 below, it will be seen that the Fredholm theory can be extended 
to the function 7 (s, t). 

§ 11. We may employ the corollary of the preceding paragraph to further 
analyse the expansion of 7 (s, t). For the function 2 U w (s) . U n (t) satisfies 

n-l 

the requirements of the corollary.* It follows that we have 

2 U„ (s) U tt (t) = S ^fl^*) |U M («) V w (0, (20) 

where 0'[%(s)](w = 1, 2, ...) form an orthogonal system of functions for 
(a, &), v M (^ = 1, 2, ...) are positive numbers, and £1' [V w (s)] (n = 1, 2, ...) are 
null functions. As the functions %(s), V M (s) are linear functions of 
TJ n (s)(n = 1, 2, ...), it will be clear that the orthogonal properties stated 
under (ii) in the theorem of the preceding paragraph will hold when the 
function symbol, 17, is replaced by either v or V. There is, however, no need 
to state the orthogonal properties which involve functions £1' [V n (s)], since 
these are a consequence of the fact that £l f [Y n (s)](n = 1, 2, ...) are null 
functions. 

Next, we can apply the same corollary to % Y n (s) Y n (t) and so obtain 

2 Y n (s)Y n (t) = 2 w * (g) ' w *& + 2 W n (s)W n (t), ^ (21) 

n—l n=l pn n~l 

where £L[w n (s)](n = 1, 2, ...) form an orthogonal system of functions for 
(a, b), p n (n = 1, 2, ...) are positive numbers, and £L[W n (s)] (n = 1, 2, ...)are 

* The hypothesis that y (s, s) and y (t, t) are finite is still understood. 
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null functions. After what was said above, the reader will have no difficulty 
in perceiving that the orthogonal properties are as stated in the theorem 
which follows. 

Employing (20) and (21), it will be seen that we have the following 
theorem : — 

Under the hypotheses of the theorem of the last paragraph, we have 

y(s i) = 2 u * ^ — & l % Vn ^ Vn & 

n=l Pw ?i = l 

i^Aere the functions u(s), v(s), w(s), W(s) Aaw summable squares in {a, b), the 
numbers jjl, v, p are positive, and each of the series on the right is absolutely 
convergent. Further, the functions u (s), v (s), w (s), W (s) are such that (i) 

*n [«-(*)] . a'[u n (s)]ds = P mtov n = m > 

a [_ lor n ^ m, 

where B m is either +1 or — 1 ; (ii) the functions X2' [v n (s)] (n = 1, 2, ...) <m<i 
£A# functions fl [w n (s)] (% = 1, 2, ...) e&cA constitute an orthogonal system of 
functions for the interval {a, b)\ (iii) each of the pairs of functions {XI \u m (s)], 

12' [>„(*)]}, {Q[v m (8)1 n'[u n (s)]}, {tt[v m (s)l & [v n (s)]}, {X2 [w m (*)], 

XV [^ M (s)]}, {ft \w m (s)\ XV [^n(s)]}, ^s orthogonal for (a, b), tohatever be the 
values of m and n\ and (iv) Q! \w n {s)\ X2[W w (s)], X2'[W n (s)] are null 
functions. 

The function y (s, s) has a single finite value almost everywhere in (a, b). 
It follows that (22) is valid almost everywhere with respect to s, and almost 
everywhere with respect to t 

It is perhaps unnecessary to point out that there is a second expansion ot 
y(s, t) of the form (22); for this expansion, the statements of the above 
theorem are applicable, provided that XI and XI' are everywhere inter- 
changed.* In either case, one or more of the series on the right of (22) may 
contain only a finite number of terms, and it is possible that one or more of 
the series may be non-existent. 

§ 12. Eeferring to the theorem of § 11, let us denote the sum function of 
the series 2 u n (s) u n (t)j fi n by 71 (s, t). Since 7 (s, s) is summable in (a, b), it 

n=l 



will be clear that 2 

n=lj 



[u n (s)/^} 2 ds is convergent ; and hence that 

a 



* To derive this expansion Q and Q? must, of course, be interchanged in the argument 
at the commencement of the paragraph. 
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2 x n u n (s)/fi n i is a linear function associated with F. It follows from what 

n=l 

was said in § 5, that 

n — 1 w = 1 

almost everywhere in (a, &). Observing that (it (0//^) i s a point of Hilbertian 
space for almost all values of t in the interval (a, 5), we see that 

a * [71 ( 5 > 0] = 2 12 [m« (5)] w„ (0/^ (23) 

n — 1 

almost everywhere w 7 ith respect to s, and almost everywhere with respect to t. 
Again we have 

Xl/[ S % n U n (t)//J. n i] = 2 %n0.t[Un(t)yPn* 
n~\ n~l 

almost everywhere in (a, &) and (XI [^(s)]//^) is a point of Hilbertian space for 
almost all values of s in the interval a^s^b. It follows that we have 

XV [ 2 O [w„ ($)] . « n (O/A^n] = 2 XI [^ w (5)] . XI' [«„ (t)]/fi n 

n==l » = 1 

almost everywhere with respect to s, and almost everywhere with respect 
to t. We conclude from (23) that 

O/ [a [ry, («, 0]] = t il [tin (*)] XV K (0]//*»» ( 2 4) 

n = l 

almost everywhere with respect to s, and almost everywhere with respect to L 
It will be clear that in a similar way we can prove the validity of 

A, [XV [71 (*, OH = SO |>„ (s)] . XT [^ (0]/^, (25) 

n = 1 

under similar circumstances. Adopting a slightly abbreviated mode of 
expression for the left-hand members of (24) and (25), we see that 

xuv [71 (*, 0] = «*U [71 (*, 0] = 2 xi k («)] . a' [u n (t)]/fin 

n = l 

almost everywhere with respect to s, and almost everywhere with respect to t 

Similar results may be established in respect to the other series on the 

right of (22), and hence in respect to y(s,t). Further, it will be clear that 

each series such as that on the right of (25) is absolutely convergent almost 

everywhere with respect to s, and almost everywhere with respect to t. 

§ 13. Let us define a function k (s, t) by the rule that it has the common 

value of Q, s Q,'t [7 (s, t)] and X1'<0 5 [7 (s, t)] at points where these are equal. 

Farther, let 

<j) n (s) = B n . XI \u n (s)], ty n (s) = XI' [u n (s)] P 

% n (s) = a [v n (s) ], Vn (s) = XI' [> n (s)], 

f„ (5) = XI [w n (s) ], (OfP (s) = XI' [w n (s)], 

co< 2 > («) - XI [W„ (5)], a> n ®>(s) = XI' [ W„ (8)1 
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and let \ n = S n fin- It will be seen that we have 
• ^ _. s ^ (g) fot (Q | 2 & OQ % (Q 

+ S r " (S) &> " (1) (<) + 2 »»«>(«) W» (*),* (26) 

almost everywhere with respect to s, and almost everywhere with respect 
to t ; also it can be established that term by term integration with respect to 
either variable of the series on the right is justified. From these facts and 
the properties of the functions <£ OT (s), ^n(s), ..., which follow from the state- 
ments (i)-(iv) in the theorem of § 11, we find that, almost every where in {a, b), 
we have 



clt 



<jf% (s) = \ n \ K (s, t) <f) n (t) 

J a 

yjr n (t) = X n ty n (s) K (s, t) ds 



(27) 



J 

We can now state the following theorem : — 

Let y(s, t) be a function of positive type defined as in the theorem of § 10 ; let 
12, 12' be a symmetric couple of linear transformations ; and let tc (s, t) be the 
common value of 12*12'$ [7 (s, t)] and 12 '$£2* [7 (s, t)] at points where these are 
equal. Then the equation (26) is valid, and the right-hand member is absolutely 
convergent, almost everywhere with respect to s, and also everywhere with respect 
to t. The functions 

<M 5 )> $*(*)> •••> <M S )> • ••> 

/orm a bi-orthogonal system of functions for the interval (a, b), and each of the 
homogeneous equations (27) is satisfied almost everywhere in the interval. The 
symbols v n , p n (n = 1, 2, ...) denote positive constants. The functions 
rj n {s){n = 1, 2, ...) and the functions £ n (s)(n = 1, 2, ...) md constitute an 
orthogonal system of functions for the interval {a, b). Each of the pairs of 
functions { <j) m (s), rj n (s) } , { f TO (s), ^r„ (s) } , { % m (s), rj n (s) } , { £ m (5), ^ (s) } 
{?m(s), Vn(s)}, is orthogonal for the interval (a,b), whatever be the values of m 
and n. Lastly, for all values of n the functions co n ^ (s), oo n W (s), o) n ^ (s) are 
null functions. 

In view of a remark at the end of § 11, it will be seen that there is a second 
expansion for tc (s, t), similar to the above. 

* For the case under consideration, the series 2 0/2) (s), g>^) (t) may be omitted, since its 

n — 1 

sum function is zero almost everywhere with respect to s, and almost everywhere with 
respect to t. The series is retained here in view of the expansion of y (s, t\ and because 
it cannot be ignored when the transformations are precisely distributive in Hilbertian 
space {vide § 17). 

VOL. XCIX. — A. D 
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§ 14. It seems desirable to make some observations in regard to the 
theorem of the last paragraph. 

In the first place, it will be clear that the Fredholm theory, as usually 
developed, is not applicable to k (s, t), since this function may be unbounded 
in such a general manner. We may, however, obtain results similar to those 
of the theory referred to, as follows :- 

If we define K(X ; s 9 1) to be the sum function of the series on the right of 
(26) after X n has been replaced by \ n — X in the first component series, we find 
that the square of K (X ; s, t) is summable ina^s<6,a<^<i, provided that 
X has not one of the values Xi, X 2 , ..., X w , ... . 

It is easily verified that 

K (X ; s, t)— k (s, t) = X I K (X ; s, u) tc (u, t) clu = X \ re (s, u) K (X ; u> t) du, 

J a J a 

(28) 

almost everywhere with respect to s, and almost everywhere with respect to 
t; and hence that, if/(s) belongs to the class F, the equation 

f(s) = <£(s)-X [\(s, t)g{t)dt> (29) 



a 



is satisfied almost everywhere in (a, b) by 



g( 8 )=f(8)+\[ b K(\; s,t)f(t)dt, 



a 



provided that X is not one of the numbers X n . It will be clear that a corres- 
ponding remark applies in regard to the solution of the equation adjoint 

to (29). 

The numbers Xi, X 2 , ... 5 X«, ... may be called singular values of /c(s, t)* 
1 15. Eef erring to §§ 8, 9, it will be found that 

I K I = I f O [%n (s)]M' [ X n (*)] ds | s MM' f { Xn (s) Yds. 

j a j a 

Since 2 {xn( s )Y = : ^ {6 n (s) } 2 almost everywhere, we see that 

n = 1 n = 1 



to f& 

2 | ft. | s MM' 2 {0 n (s)} 2 ds. 

= 1 J f t n ■ — 1 



* The reader will observe that by a known property of completely continuous 
quadratic forms, lim k n = 0, and hence that \ ly A 2 , ..., X u , ..., can be divided into sets, 

n— *■ qo 

each containing a finite number of equal singular values, and such that members of 
distinct sets are unequal. 



* 
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It follows that the series 

r— + r- +...+- h..«, (30) 

Al X2 X w 

is absolutely convergent, and that 55 1 1/X M | is ^ MM' I 7 (s, s) ds. 

j a 

The series (30) being absolutely convergent, it follows that 

D(\)= nfi-- 

n = l\ A OT y 

is an integral function of X. Also from the expansion of k (s, t), it will be 
found that, for all integral values of r, 

1 C h 
ST"** == I Kr (^ 5 ' * 

n = 1 A^i J tt 

where #i (5, t) ~ /e (s } t) and # r+ i (5, £) = \ tc r (s, u) tc (u, t) d%. 
From these facts it can be shown that 



D (X) = 1 ~X tf (5 b 5 X ) &x + o-. ^ l! 1 ? ) *1 *2 

J a * l J a J a \Sl$2/ 



% i J a J a \^1j &2) • • • j ^w/ 



&s in the usual Fredholm theory. Observing that D (X) K (X ; s, t) is an 

integral function of X, and making use of (28) it can be shown that, almost 

everywhere with respect to s and almost everywhere with respect to t, we 

have 

D(X)K(X; s, = D(X; s, t\ 

where D (X ; s, t) is the integral function of X defined by 

*(*, t)~\ \\ ( SSl )ds i+ ... +(-)»% f... [*« ( s ;l hS *'- s ")d Sl ds 2 ...d Sn +.... 

)a • \tSi/ nlja J a \t 9 S h S 2 , . . . S n J 

The function K (X ; s, t) is thus expressed as the quotient of two integral 
functions of X, for almost all values of s, and almost all values of t. 
Further developments in this direction may be left to the reader. 

§ 16, It can be proved that, if the equation 

f(s) = \\\(s } t)f(t)dt 



a 



* This is a generalisation of a theorem given by Garbe (' Math. Annaleu,' vol. 76, 
pp. 545-6) for Hilbert's function a(s)y(st), where cr (s) — +1 in certain sub-intervals 
of (a, b), and = - 1 in the complementary set. The absolute convergence may also be 

b 

inferred from the fact (vide below) that 21/X n — f k(s, s) ds, and that the order of the 

a 
singular values is arbitrary. 

D 2 
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is satisfied almost everywhere in (a, b) by a function /(s), which is not a null- 
function, then X must be one of the singular values \ n ; also f(s) must, 
almost everywhere in (a, b), be a linear combination of the functions cj) n ($) 
corresponding to the singular value. 

Again, if T(s, t) = 11/ 12/ [7(5, t)\ it will be found that 



! 



*r (s, u) k (u, t) dn = 2 t^Mj}Ml t 



almost everywhere with respect to s, and almost everywhere with respect 



rb 



to t ; moreover 



r (s, u) (j> n (u) clu being almost everywhere equal to ty n (s)ffi n 

a 

is never a null-function. Giving an extended meaning to the term as previously 
used,* we may, therefore, say that k (s, t) is completely symmetrisable on the 
left by r (s, t). In a similar sense, k (s, t) is completely symmetrisable on the 

right by T\s y t) = OA [7 (*> 03- 

Finally, if the equation (26) is multiplied through by /(s) # (t), two functions 
which belong to F, we find after integration that 



f ( fc(s,t)f(s)g(t)dsdt 

j a J a 



$ 



b rb 

4>n (S) f (S) CIS . ^ n (t) CJ (t) dt 



a J a 



n — 1 A^ 

rb rb 
£n 00/00 ds.\ri n (0 g (0 dt 
+ % ^ il (31) 

n = 1 V n 

This result is, of course, analogous to Hilbert's expansion of 

•& rb 

k (s, t) f (s) g (t) ds dt, 

Ja 

for the case when tc (s, t) is symmetric. 

§ 17. Let 7(5, t) be a function which is bounded, summable, and of positive 
type in the square a^s^b, a^t^b] further, let the function be continuous 
with respect to s in the interval {a 9 b) for each fixed value of t in this interval. 
The fact that 7 (s, t) is symmetric permits the interchange of s and t in the 
last statement. Then it is known thatf 

where . 7r M (s) (n = 1, 2, ...) constitute a complete system of fundamental 
functions of 7 (s, f), and cr w is the (positive) singular value corresponding to 

* Cf. ' Eoy. Soc. Proc.,' A, vol. 97, p. 402. The continuity properties assumed in this 
paper excluded the case of a null-function which is not zero everywhere, 
t Vide « Eoy. Soc. Proc.,' A, vol. 97, p. 407. 
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ir n {s). The functions f rr n (s) are continuous in (a, b) and the series 
2 {Tr n {s)} 2 J <r n is convergent for each value of $ which is 2: a and =£&. It 

follows that, if we write 7r»(s)/ov = 0«(s), we have 

7 (*, 0=2 ft, («) W (0, 

where the functions 6 n (s) satisfy the requirements of the theorem of § 10. 
The expansion (22) is thus seen to be applicable at any point of the square 
a^s^b, a^t^b. 

Let us now suppose that the transformations XI, XV are well defined and 
precisely distributive in Hilbertian space, and that, taken together, they 
constitute a symmetric couple. Proceeding by an argument parallel to that 
of § 12, it will be found that we have 

at all points ; further, if the common value is denoted by k (s, t), the expan- 
sion (26) is valid at all points of the square a-^s^b, a^t^b. 

There can be no difficulty in developing a theory of the integral equation 
with /c(s, t) as kernel on the lines sketched in §§■ 14, 15. The reader will 
observe the essential difference that statements, which in the paragraphs 
referred to are true almost everywhere, are now true at all points. 

The functions n (s) = ir n {s)l<r?? being all continuous in {a, b), it follows 
that the functions u(s),v(s), ta(s),W(s) are all continuous in the interval. 
Hence, if the transformation XV is perfect in an interval (a', V), where 
a - a' == V b, the functions yjr n (s), % % is), (o n {l) , (s), a> (3) (s) are all continuous in 
(a\ V). Since a continuous null-function is zero everywhere, we see that 

«« (1) ( s )> g>w (3) (s) are evanescent. 

§ 18. We may now state the following expansion theorem : — 

Let y(s, t) be a function which is bounded, summable, and of positive type, in 
the square a^s^b, a^t^b ; further, let the function be continuous with 
respect to s in the interval (a, b) for each fixed value of t in the same interval. 
Finally, let X2 and XV be two linear transformations which are precisely 
distributive in Hilbertian space, and which together constitute a symmetric 
couple. Then, at all points of the square a^s^b,a^-t^b, we have 
XXXV [7 (s, t)] = X1/X2 S [7 (s, t)], and, denoting the common value of these 
functions by k (s, t), %oe have the expansion (26), ivherein each of the series on 
the right is absolutely convergent. The functions 

<l>l(s), <j>2(s), ...., <f>n(s), 

^i(s), yjr 2 (s), ..., ^ n (s), 
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ivhich occur in the expansion form a bi-orthogonal system of f%mctions for the 
interval (a, V) ; and $> n (s), ty n (s) satisfy the equations 

(j) n (s) = \ n \ k (s, t) <f) n (t) dt, 

J a 

yfr n (t) = \ n s\r n (s) k (s, t) ds, 

Ja 

at all points of the interval (a, b). The remaining functions which occur in the 
expansion have the 'properties stated in the theorem of § 13. 

Moreover, if 12' is perfect in cm interval (a', V) contained in {a, b) y the 
expansion takes the form 

lc{s> t) = 2 M£bK© + 2 6.(«)q.(0. (32) 

for a^s^ b, a! =s ts V ; and the functions ty n (s), rj n (s) are continuous in (a' V), 
The corresponding statement, which applies when X2 is perfect in a sub-interval 
of (a, 6), will be obvious. 

The reader will recall that, in any given case, there is always a second 
expansion for k(s } t) (vide §§ 11, 13). 

| 19. In conclusion, it should be observed that conditions may be stated 
under which the expansions given in §§ 13, 18 assume a special character. 
The conditions are generalisations of those stated at the end of § 9 of the 
communication of April 12 for the case of the function of a(&)7(s, t). 

For example, let the hypotheses of the theorem of § 13 be adopted, and 
let F (s, t) = 12/12/ [7 ( s > 0] ^e definite. Employing the equation (31) of 
§ 16, it is easily shown that £»(s) (n = 1, 2, ...) are null functions, and that 
fn(s) (w == 1> 2, ...) cannot exist. It follows that the expansion (26) takes 
the simpler form 

n = 1 A. w ?i = 1 ^91 % = 1 

where the functions which occur have the properties stated in the theorem of 
§ 13. This expansion will hold at all points of a^s^b, a^t^b, when 
7 (s, t) satisfies the requirements of the theorem of the preceding paragraph 
and, as there, X2, 12' are precisely distributive in Hilbertian space. If we 
further suppose that X2 is perfect in an interval (a\ V), o> w (1) (s), g> w < 2) (s) are 
continuous null functions, and therefore vanish everywhere in the interval. 
We thus have the expansion 

K{s>t)= S MM) 

which is valid when s belongs to (a', V) and t to (a, b). 

It should be observed that the hypothesis that y($, t) is definite does not 
in itself ensure that V {s, t) is definite. This, however, will certainly be the 
case when X2' has an inverse. 



